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Abstract

In this paper, the new (G' /G) -expansion method is proposed for constructing more general
exact solutions of nonlinear evolution equation with the aid of symbolic computation.By
using this method many new and more general exact solutions have been obtained.To illus-
trate the novelty and advantage of the proposed method, we solve the Zakharov-Kuznetsov-
Benjamin-Bona-Mahony (ZKBBM) equation. Abundant exact travelling wave solutions of
these equations are obtained, which include the exponential function solutions, the hyper-
bolic function solutions and the trigonometric function solutions. Also it is shown that
the proposed method is efficient for solving nonlinear evolution equations in mathematical

physics and in engineering.
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1 Introduction

In recent years, because of the wide applications of soliton theory in natural science, it is im-
portant to seek explicit exact solutions of nonlinear partial differential equations (NLPDEs).Many
powerful methods for constructing exact solutions of nonlinear evolution equations have been
established and developed, such as the inverse scattering transform [1], the Backlund trans-
form [2], the Hirota’s bilinear operators [3],the tanh-coth function expansion[4], the Jacobi
elliptic function expansion [5], the F-expansion [6], the sub-ODE method [7], the homoge-
neous balance method [8], the sine-cosine method [9],the exp-function expansion method[10]
and so on. But there is no unified method that can be used to deal with all types of nonlinear
evolution equations.

Recently, Wang introduced the(G/ /G)-expansion method.This method is widely used for con-

structing exact solutions of various NLEEs. Applications of the (G'/G)-expansion method
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can be found in other articles for better understanding[11][13].

The present paper is motivated by the desire to use the improved (G’ /G) -expansion method
to construct a series of some types of exact solutions.We will get more interaction solutions of
the nonlinear Zakharov-Kuznetsov- Benjamin-Bona-Mahony (ZKBBM) equation,which are
very important nonlinear evolution equations in the mathematical physics and have been

paid attention by many researchers.

2 Summary of the expansion method

The new auxiliary ordinary differential equation is expressed as follows:
GG" = AG? + BGG + C(G')? (1)

where the prime denotes derivative with respect to . A, B, C are real parameters.F' () is

/

F(§) = Z((g (2)

Using the general solutions of Eq. (1), with the help of Maple we have the following four
solutions of Eq. (2):
(). when B # 0 and Ay = B? + 4A — 4AC > 0, then

F(e) = B n BVAT exp@g +co expfg5 (3)
C2(1-0)  2(1-0) Var, _ VA1,
c1exp 2 S —coexp 2
(ii). when B # 0 and Ay = B2 +4A — 4AC < 0, then
ey B BYEALiecos(5E) — cosin(—¥5) (1)
21-0)  201-0) icy sin( ;Alf) + ¢g cos(— ;Alﬁ)

(731).when B =0 and Ag = A(C' — 1) > 0, then

VA2 1 cos(VA2E) + easin(v/Agg)
(1 =C) ey sin(v/Ag€) — ¢ cos(v/Agf)
(tv). when B =0 and Ay = A(C' — 1) <0, then
—Ay icy cosh(v/—Ag€) — cosinh(yv/—As€)
(1 = C) icy sinh(v/—Ag€) — ¢ cosh(v/—As¢)

where £ = x — wt,w is wave velocity,A, B, C' and c1, ¢o are real parameters.

F(&) =

(&) =

Suppose that we have a NLEE for u(x, t) in the form
P(u7ut7u$7utt7u$t7u$$7'") :0 (7)

where P is a polynomial in its arguments, which includes nonlinear terms and the highest

order derivatives.



Next,the main steps of this method are given as follows:
Step 1.The transformation u(x,t) = u(§) , £ = x — wt reduces Eq. (7) to the ordinary
differential equation (ODE)

H(u, ug, uge, ugge, ---) = 0 (8)
Step 2.We assume that the solution of Eq. (8) is of the form

m

u(@) = Y ai(d+F(g)) (9)

i=—m
where F'(§) satisfy the new auxiliary ordinary differential Eq.(1),and w,d, a;(i = —m, ..., m)
can be determined later.We can determine the positive integer n by balancing the highest
nonlinear terms and the highest partial derivative terms in the given system equations.
Step 3.Substituting Eq. (9) along with (1) and (2)into Eq. (8) and using Maple yields
a system of equations of F(¢), setting the coefficients of F'(¢) in the obtained system
of equations to zero, we can deduce the algebraic polynomials with the respect unknowns
w,d,a;(i = —m,...,m) namely.
Step 4.Solving the over-determined system of algebraic equations by using the symbolic
computation as Maple , we obtain expressions for w,d, a;(i = —m, ..., m).
Step 5. Since the general solutions of (1) have been well known for us, then substitut-
ing w,d,a;(i = —m,...,m) and the general solutions (3)-(6) into (2), we have more exact

solutions of the non-linear partial differential Eq. (7).

3 Travelling wave solitons for ZKBBM equation

In this section,we apply this method to construct the exact interaction soliton solutions of
the ZKBBM equation

U + Uy — 20Uty — bUgygr = 0 (10)

The transformation u(z,t) = u(§) ,£ = = + Vit reduces Eq. (10) to the ordinary differential
equation (ODE):
(14 V)u' —2auu’ —bVu" =0 (11)

We can determine the positive integer n by balancing uu' and v in the given system
equations.So we can suppose that Eq. (11) has the following ansatz:

a_o a_1
W) = G rErE T ar rE T T et FE) +axd+ FE)Y (12)

Substituting Eq. (12) along with (1) and (2)into Eq. (11) and using Maple yields a system of
equations of F*(£), setting the coefficients of F'(¢)(i = 0,1,2,...) in the obtained system of

equations to zero, we can deduce the set of algebraic polynomials with the respect unknowns
V,d,a;(i = —m, ..., m) namely.Solving the over-determined system of algebraic equations by

using the symbolic computation as Maple , we obtain expressions for V,d, a;(i = —m, ..., m).



Case 1.

B
1 V=V,a1=0,a0=0

1
20 -1’

1 (8bVAC — 8V A —-20VB%2—-1-V)
a—1 =0,a9 = ) .

_ 3DV(=8AB>C +8AB* + B* + 164*C* — 324°C + 164?)

2773 a(C? —20 + 1) (3.1)
where A, B,C,V,a,b are arbitrary constants,and a # 0,C # 1 .
Case 2.
d:%,V:V,m:O,ag:O
_ 6bVA*(—8AB?C + 8AB? + B* + 16A2C? — 3242C + 16A4?)
4=2=" aB4
, - _ OWVA(-8ABC +8AB* + B +164°C? — 324°C + 164%)
- aB3
148bV A%2C? — 16bV ACB? — 96bV A%C + 160V AB? — B? — VB? 4 480V A2 + bV B!
w="3 B?q
where A, B,C,V,a,b are arbitrary constants,and B # 0,a # 0 .
Case 3.
d:d,V:V,a_2 :O,G_l =0
o — 60V (=2dC? +4Cd + BC — 2d — B) = 6V (C* —2C +1)
a a
wo = — 1120V C?d? 4+ 8bV AC — 240V Cd* — 120V BCd — 1 4+ 12bVd* + bV B? + 120V Bd — V — 80V A
2 a
where A, B,C,V,d, a,b are arbitrary constants,anda # 0 .
Case 4.
= %%,V =V,a_1=0,a1 =0
w0 — _18VAC —8WWA-20VB*>—1-V 0 — 6V (C* —20 +1)
2 a ’ a
o= _3DV(=8AB>C +8AB* + B' + 164*C* — 324°C + 164?)
8 a(C? —2C+1)

where A, B,C,V, a, b are arbitrary constants,and a # 0,C # 1.
Substituting those cases in (12),we obtain the following solutions of Eq. (11). These solutions

are:



@)___§bV(—8AlﬂCﬂ+8ABQ+<B4+16A202—32A%j+16A%
TR a(C? —2C + 1)

1
(3c27 + F(9)?
_1(8VAC —8VA—-20VB*—1-V)

2 a

1
(% + F(€))?

60V A2(—8AB?C + 8AB? + B + 16 A2C? — 32A2C + 16A?%)
u2(§) = - aB4

+6bVA(—8AB?O +8AB? + B* + 16A%2C?% — 32A4%C + 16A2%)

1 1
aB3 L FeE 2
48hV A2C? — 160V AC' B2 — 96bV A2C + 160V AB? — B2 — VB2 + 48hV A2 + bV B*

B2q

us(€) 1126V C2d% + 8bV AC — 24bV Cd? — 126V BCd — 1 + 12bVd2 + bV B2 + 120V Bd — V — 8bV A
5(&) = —=
2

a

66V (—2dC? +4Cd+ BC — 2d — B
o ‘ S+ P

_6V(C* —2C +1)

a

(d+ F(€))?

ua(€) = _3DV(=8AB>C +8AB* + B' + 164*C* — 324°C + 164?)
TR a(C2—20 1 1) (

! 1
P+ FE)? 2

N[ =

8WVAC —8WA—-20VB%2—-1-V 6bW(C?2—-2C+1),1 B
- SO D L B ey

whereé = x + Vt.

According to (3)-(6), we obtain the following exponential function solutions, hyperbolic
function solutions and triangular function solutions of Eq. (10). For example
(1).When B # 0 and Ay = B? + 4A — 4AC > 0,then

(2,1) = _ 3DV(=8AB>C +8AB* + B* + 16A*C* — 324°C + 164>
Ug1\ T, - S a(CQ—20—|—1)

1

( BvVAL c1 exp@(ﬁ'vﬂ +co exp_@(w'“/t) 2
2(1-C) o exp@(?ﬁ_‘/t) . exp—@(z-&-Vt)
18V AC —8VA—-20VB2—1-V  6bV(C?—2C +1)
2 a

a

/A /A
( BvVA1 crexp 21£+02€Xp_ 215)
2(1—0) VAL 7\/A1£

crexp 2 E—CQGXP_ 2

2




(2).When B # 0 and Ay = B? + 44 — 4AC < 0,then

3bV(—8AB2C +8AB? + B* + 164202 — 32A2C + 16 A2

) =—2°
uaz(,t) = =3 a(C2—2C +1)

1
( B+/—A7 ic1 cos( \/ZAil(x'f‘Vt))—CQ sin(— \/2A71(I+Vt)) 9
2(1-C) (@+V1))

1

icq sin( Y A1 z+V't))+co cos(—
2

_18VAC —8WA-20VB*>—1-V  6bV(C* —2C +1)
2 a a

Bv/—A; icy cos(r(w + Vt)) — casin(— \/2A71(:1: + V1)),

(
2(1-0C) j¢, sm(r(w + V1)) + g cos(— YL (z + Vit))
(3). When B =0 and Ay = A(C — 1) > 0,then
(2.t) = 3bV(16A4%C? — 324%C +16A4° 1
wsls b =g a(C2 — 20 + 1) (VB2 e eos(VBaat Vi) beasin(VAs(z V) )
(1=C) ¢ sin(v/Az(z+Vt))—c2 cos(v/ Az (z+V1))

_18VAC —-8VA-1-— V_6bV(C2 —2C + 1)< VAs 1 cos(vVAg(x 4+ Vi) + cosin(v/Ag(z + V)
2 a a (1 =C) ey sin(v/Ag(x + Vi) — o cos(v/Ag(z + Vi)
(4). When B =0 and Ay = A(C — 1) < 0,then

)2

30V (16A42C% — 32A42C + 16A2 1

uga(z,t) = ~3 a(C2 —2C +1) (Y=Bz s cosh(=Ba(at Vi) ez sinh(V Bt V1) )

(1—-C) icy sinh(v/—Ag(z+Vt))—ca cosh(v/— Az (z+Vt))

18V AC —8VA—-1-V 6bV(C? —2C + 1)(

1 B V—Asg ici cosh(v/—Ag(x + Vi) — casinh(v/—Aq(x + V1)),
2 a a (1 = C)icy sinh(v/=Ag(x + V1)) — co cosh(v/—Ag(z + Vit))

)

4 Summary and conclusion

In summary,the improved (G /G) -expansion method with symbolic computation is devel-
oped to deal with the nonlinear ZKBBM equation.When applying the proposed method to
construct the exact interaction soliton solutions of the nonlinear ZKBBM equation,we get
a rich variety of exact solutions which include exponential function solutions, hyperbolic
function solutions and triangular function solutions. Further more, our method can obtain
more types of travelling solutions mentioned above. We also see that our method is differ-
ent from the old (G’ /G) -expansion method.We use the new auxiliary ordinary differential
equations to construct more types of travelling solutions.Our method is more powerful and
much easier to solve nonlinear evolution equations. We believe that this method should play
an important role in finding exact solutions of NLPDESs.

Note that the nonlinear evolution equations proposed in the present paper are difficult and
more general. Therefore, the solutions of the proposed nonlinear evolution equation in this

paper have many potential applications in physics.
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